Given a family of binary characters defined on a set X, a problem arising in biological and linguistic classification is to decide whether there is a tree structure on X which is ''compatible'' with this family. A fundamental result from hierarchical clustering theory states that there exists a tree structure on X for such a family if and only if any two of the characters are compatible. In this paper, we prove a generalization of this result. Namely, we show that given a family of multi-state characters on X which we denote by , there exists a tree structure on X, called Ž . an X, -tree, which is ''compatible'' with if and only if any two of the characters are strongly compatible. To prove this result, we introduce the concept of block systems, set theoretical structures which arise naturally from, amongst other things, block graphs, and the related concepts of block inter¨al systems and ⌬-systems. ᮊ 1997 Academic Press
INTRODUCTION
Ž Given a finite collection X of objects and a finite family s : X ª i .
S
of binary characters defined on X, each with its own state space S , 
Ž .
ii Any two characters are compatible, that is, for any i, j g I the ÄŽ Ž . Ž .. 4 set of pairs x , x g S = S N x g X has cardinality at most three.
There have been many attempts to generalize this result to multi-state characters, that is, to characters : X ª S with arbitrary state-space i i w x cardinality 18 . An obvious problem here is, of course, the fact that we cannot use edges anymore to represent characters. Yet, there is a very simple remedy which does not seem to have been considered so far: instead of labeling edges by characters, one can try to attach the character labelsᎏjust like the object labelsᎏto¨ertices rather than to edges, search-Ž . ing, for each character , for a vertex¨s¨ g W such that two Ž . x and y in T does not meet the vertex¨. For example, in Fig. 1 the elements x, y g X have the same values, but the values of x and y 4 2 are different. In case of pairwise compatible binary characters, it is easy to Ž . construct such trees: just take the usual tree T s W, K representing the characters relative to the labeling maps : X ª W and : I ª K, insert an additional vertex¨into any edge e, and associate the vertexë Ž i.
rather than the edge i to each index i g I. Ž . FIG. 1 . An example of an , X -tree.
In this paper, we prove that, using this approach, there exists a straightforward generalization of the above quoted basic result concerning binary characters:
Given, as above, a finite collection X of objects and a family of characters s : X ª S Ž . Our result, which we prove in Section 5, is related to the ''perfect phylogeny problem'' in computational biology. Here one seeks, for a family of characters s : X ª S Ž .
i ii g I Ž . as above, a tree T s W, K together with labeling maps : X ª W , : I ª P P K ,
such that any two objects x, y g X have the same -value if and only if i Ž . Ž . Ž . the shortest path connecting x and y does not involve any edge in Ž . Ž . the set i . In case such a triple T, , exists, the characters are said to Ž . be phylogenetically compatible and T is said to be a perfect phylogeny for Ž . the family of characters relative to and . Ž . Note that, if such a triple T, , exists at all, then there must also Ž . Ž . exist one with ࠻ i s ࠻ X y 1 so that, for binary characters, the i condition of phylogenetic compatibility reduces to that described earlier, and so is equivalent to pairwise compatibility. However, in general, pair-Ž . wise phylogenetic compatibility is not sufficient for phylogenetic Ž . Ž w x. compatibility of a whole set of non-binary characters cf. 18 . Indeed, determining whether a family of characters is phylogenetically compatible Ž w x. Ä 4 is an NP-complete problem cf. 7, 20 , although if max ࠻S or ࠻I is i g I i bounded, then phylogenetic compatibility can be determined by algorithms Ž w x. whose running time grows polynomially with ࠻X only cf. 1, 17 .
Ž . If a tree T s W, K together with two labeling maps : X ª W and Ž . : I ª W as described above in i exists, then associating to each charac-Ž . Ž . ter index i the set * i of edges meeting the vertex i ᎏor just any Ž . Ž . proper subset of * i containing all but one edge from * i ᎏclearly allows us to view T as a perfect phylogeny for relative to and *. So, any strongly compatible family of characters is clearly phylogenetically compatible.
Finally, one may also wish to consider the ''dual'' problem in which W is Ž . interchanged with K. That is, given a family s : X ª S , one
seeks a tree, together with labeling maps : X ª W, : I ª P P W such that any two objects x, y g X have the same -value if and only if the i Ž . Ž . Ž . shortest path connecting x and y does not meet any¨ertex in the Ž . set i . By a reasoning similar to the one used above, that is, by replacing Ž . Ž . the set i of vertices by the set * i of edges meeting at least one of Ž . those vertices, it is easily seen that the existence of such a triple T, , is, in fact, equivalent to phylogenetic compatibility. In particular, it follows again that a family of strongly compatible characters is phylogenetically compatible.
We now briefly summarize the contents of this paper. In Section 2, we present basic definitions and properties of metric spaces and graphs that we use later. In Section 3, we introduce block systems, block inter¨al systems, and ⌬-systems. In Section 4, we recall the definition of block graphs, and we prove in Theorem 4.1 that a block graph can be obtained in a natural way from a block interval system and, hence, from a block system, using results from Section 3 on tree-like ⌬-systems. In Section 5, we define what a strongly compatible set of equi¨alence relations is, and we Ž . prove that any such set gives rise to a block system Lemma 5. 5 . This Ž enables us to prove the main result of this paper in Section 5 Theorem . 5.6 using the fact that a set of strongly compatible multi-state characters Ž .
:XªS
naturally gives rise to a set of strongly compatible equivai ii g I lence relations on X and, hence, to a block system. Using this block Ž . system, we construct a block interval system Lemma 3.4 and, in turn, a Ž . block graph. This block graph is then used to produce an X, -tree as required.
PRELIMINARIES ON METRICS AND GRAPHS
In this section, we present basic definitions concerning metric spaces and graphs that we use later. Ž . Given a set X, a proper metric is a map d: X = X ª ‫ޒ‬ such that for all x, y, z g X the following two conditions are satisfied:
For any pair w x of points x, y g X, we define the inter¨al x, y between x and y to be 
i ⌫ is 2-connected if and only if e f f holds for all e, f g E.
Ž .
ii Any two distinct blocks in ⌫ meet in at most one¨ertex. Proof. i Assume that this assertion is false, and choose a counter ŽÄ 4. example for which n is minimal. Then i s 1, j s n ) 2, and
and assume, without loss of generality, that u s p and u s p . Let k be 0 0 1 1 Ä 4 a minimal element in 2, . . . , n y 1 , such that there exists some element
indices k and i must exist. Consequently, the existence of the circular path 
Proof. i This is an immediate consequence of the definition.
wise, there exists a path joining u and¨via w which uses only edges e with F e g ⌬ u, w j ⌬ w,¨, We use these facts in the next lemma, which in turn will be crucial in the following sections.
⌫ as well as
BLOCK SYSTEMS, BLOCK INTERVAL SYSTEMS, AND ⌬-SYSTEMS
In this section, we introduce the concept of a block system, a block interval system, and a ⌬-system. Ž2 . ÄŽ . 2 4 Let S S denote a set, and define S S [ P, Q g S S N P / Q . Suppose that B: S S Ž2. ª P P is a map from S S Ž2. into another set P P such that for all P, Q, R g S S distinct, at least two of the following identities hold:
We call any such pair S S , B a block system. w x An interesting example of a block system is given in 11 and we quickly recall it here. Let X be a connected topological space. For any two Ž . disjoint subsets A and AЈ of X, let B A, AЈ denote the intersection of all subsets O of X y A which contain AЈ, and which are simultaneously closed and open subsets of X y A, with respect to the induced topology on w x X y A. Then the following simple lemma is proved in 11 . A less general, though closely related example is given in the next lemma whose easy proof is left to the reader:
is a block system, and we ha¨e B P, Q j B Q, P s S S for all P, Q g
⌫ ⌫ Ž 2 . S S .
Ž
. Next, given any block system S S , B any any two elements P, Q g S S , we define the B-inter¨al between P and Q to be the set
Note that we clearly have P, Q s Q, P , P, P s P , and
Ž . Also, for any connected graph ⌫ and for B [ B : S S ª P P S S defined in
In particular, if ⌫ is a tree, then P, Q coincides with B w x the interval P, Q as defined in Section 2. And finally, note that for two ⌫ Ž . Ž . w x block systems S S , B and S S , BЈ defined on S S , we have P, Q s B w x P,Q for all P, Q g S S if and only if we have
for all P, Q, R g S S with P, Q / R.
. Suppose that S S , B is a block system, and that P, Q, R g S S.
Then:
Ž .
ii The following two assertions are equi¨alent:
ii Obviously, we may assume without loss of generality that R / P, Q and, therefore, also that P / Q holds.
Ž . Ž . b « a . This follows directly from the definition. Ž .
Ž . a « b . We only need to show that the reverse inclusion to that in Ž . w x w x i holds. Suppose that RЈ g P, R j R, Q , and assume that RЈ is not 
Ž w x. w x 2 Ž . A pair S S , и, и consisting of a set S S and a map и, и : S S ª P P S S w x associating to each pair P, Q g S S a subset P, Q of S S is called a block inter¨al system, if the following conditions are satisfied for all P, Q, R g S S :
x w x We call P, Q the inter¨al between P and Q. In case ࠻ P, Q -ϱ for all P, Q g S S , these axioms obviously imply that the map
wи ,иx 0 is a metric with
and, hence, with
for all P, Q, R g S S , so we have d s d for the associated, and necessarily
and, hence, we also have
A natural example of a block interval system is given by any tree
T
We now relate block systems and block interval systems. Clearly, Lemma Ž . w x 3.3 implies that for any block system S S , B the associated map и, и :
Ž . S S ª P P S S is a block interval system. Conversely, we have the following result. Ž . ࠻ P, Q -ϱ for all P, Q g S S , then the map B : S S ª P P S S defined wи, иx in the Lemma 3.4 can also be defined as the set of all R g S S with
wи ,иx w и , и x w и , и x Ž . Next, we define a ⌬-system to consist of a pair S S , ⌬ , where S S is a set 2 Ž . 2 and ⌬: S S ª P P X is a map, from S S to the power set of some set X, which satisfies:
For example, given the set S S and an arbitrary set Y, let X be a subset S S 2 Ž . of Y . Then the set S S , together with the map ⌬: S S ª P P X , defined by
is a ⌬-system. Also, any block interval system is a ⌬-system. And, finally,
in Section 2 is a ⌬-system by Lemma 2. 4 .
A ⌬-system is defined to be tree-like if for all P , P , Q , Q g S S such
one has the inclusion
Žand hence, by symmetry, we also have the inclusion
and, therefore,
as well as
For motivation of the definition of a tree-like ⌬-system see Fig. 2 below, Ž . where we consider ⌬ P , Q , for example, as representing the interval 1 2 between the vertices P and Q . Ž . LEMMA 3. 6 . Suppose that S S , ⌬ is a ⌬-system. Then, for any P , P , Q , Q g S S , the following inclusions hold:
Ž . Ž . Proof. i Since S S , ⌬ is a ⌬-system, we have the inclusions
Hence,
Similarly, we see that
Ž . Together, these inclusions imply i .
Similarly, we have
Ž . лin which case there is nothing to prove, or ⌬ P , P l ⌬ Q , Q / л, therefore,
:⌬ P , P Ž . 8 . Suppose that S S , ⌬: S S ª P P X is a ⌬-system. If, for e¨ery f g X, there exists some R s R g S S , such that for all P , P g S S with f 1 2 Ž . fg⌬ P,P , one has 1 2 ⌬ P , P s⌬ P , R j⌬ R, P , and 
Thus,
Ž . 
Ž
. Ž . Given a ⌬-system S S , ⌬ , with ࠻⌬ P, Q -ϱ for all P, Q g S S , define a map d : S S 2 ª N , by setting 11 . Suppose that S S , ⌬ is a tree-like ⌬-system and that ⌬ P, Q is finite for all P, Q; then
holds for any quadruple P , P , Q , Q g S S.
Ž . ⌬ P ,Q are empty. Then, by Lemma 3.6 i and ii , we immediately see 2 1
is non-empty. Then, by 
By symmetry, we can apply the same argument to the case where the Ž . Ž . intersection ⌬ P , Q l ⌬ P , Q is non-empty, which completes the 1 2 2 1 proof.
BLOCK GRAPHS
In this section, we define block graphs and prove a theorem in which block graphs are characterized in various ways. For further discussion and w x w x characterizations of blocks graphs, see 5 and 16 . Recall first that, given a set X, a map d: X = X ª ‫ޒ‬ is defined to satisfy the four-point condition if
Ž . holds for all x, y, u,¨g X. For example, if ⌬, S S is a tree-like ⌬-system Ž . with ࠻⌬ P, Q -ϱ for all P, Q g S S , then we have shown in Lemma 3.11 that the map d : S S 2 ª N satisfies the four-point condition.
⌬ 0
Another interesting example of a map whichᎏexcept for the fact that Ä 4 its range is ‫ޒ‬ j yϱ instead of ‫ޒ‬ᎏsatisfies the four-point condition is w x studied in T-theory 12 . We briefly describe it here; for more details see, w x Ž . for example, 14, 15, 21 . Let F, w be a pair consisting of a field F and a Ä 4 valuation w: F ª ‫ޒ‬ j yϱ , that is, a map satisfying the conditions 
Ž .
ii d satisfies the four-point condition. 
Ž . vii The set V together with the map B [ B
:
for all u,¨g V with u /¨, forms a block system.
is a block interval system, then,
this claim follows immediately from Corollary 3.9 and Lemma 3.11.
Ž . Ž . Ž ii « iii . The proof we give here is based on ideas from T-theory cf. w x. 12 , in particular, it involves the T-construction of a metric space which w x Ž . was introduced in 10 . Given any metric space X, d , we define the Ž . T-construction of X, d to be the set
The set T endowed with the L metric, four-point condition, then the L metric defined above on T also
satisfies this condition, for any Y : X and for any map g g T [ T ,
Y= Y
there exists a unique extension g of g to a map in T given bŷ
Ž . Now consider a block graph ⌫ s V, E , and set 
Ž . plies that simultaneously f¨q f¨s d¨,¨and g¨q g¨s
Ž . Ž . Hence, assuming without loss of generality that f u ) g u , we get the condition
It follows in particular, that for u,¨g V, we have
is clearly a block interval system, since T Ž w x . T is a tree. So, the same must hold for V, и, и . 
X d ¨, ¨s 0 and, hence, d¨,¨s 0, that is,¨s¨. So, for
there exists indeed no path in ⌫ from¨to u, not meeting w. with u g e and¨g f. Hence, e f f implies the existence of a circular path . As is well known, this also implies that
Now, consider any maximal 2-connected subgraph G of ⌫. We need to show that G is complete. Suppose that this were not the case. Then we would have a path u,¨, w of length 2 contained in G, such that there does not exist an edge between u and w. Since G is 2-connected, there exists a path . w x w is not contained in B¨,¨, that is,¨g¨, w , and therefore the above theorem can also be described a posteriori quite directlyᎏup to canonical bijectionsᎏas follows: the set of vertices W consists of the disjoint union of V and Erf and its set of edges consists of all pairs Ä Ž . 4 , F e with¨g e and e g E. Remark 4. 3 . It follows also from the above construction that any vertex that is contained in W s T Ž1r2.‫ޚ‬ ' V j Erf but not in V, or rather not
Ž . in V , is of degree at least two, while a vertex¨from V is of degree one in the tree T constructed above if and only if Ž .
⌫ ⌫
Ä 4 for all u, w g V y¨. Hence, it follows in particular from the above Ž . results that for any block system S S , B defined on a finite set S S of cardinality at least two, there must exist at least two distinct elements
fact which can also be derived directly from the axioms characterizing block systems by searching for elements P g S S for which the cardinality Ä Ž . Ä 44 of B P, Q N Q g S S y P is minimal.
Remark 4. 4 . Note also that the conditions satisfied by the intervals in a block interval system are similar to those satisfied by segments as defined w x Ž w x. in 22 see also 2 . However, the axioms for segments give rise to trees, as opposed to block graphs.
TREES
In this section, X denotes a finite set. Given a family of multi-state characters on X, we introduce the concept of a tree-like structure on X Ž . associated to , which we call an X, -tree. We then show that if there Ž . exists an X, -tree, then the characters contained in are strongly compatible, in the sense defined in Section 1. Finally, we showᎏvice versa Ž . ᎏhow to get an X, -tree from a set of strongly compatible relations, which we then use to prove the main theorem of this paper. Ž . Ž . Given a finite family of characters s : X ª S , an X, -tree, To show thatᎏvice versaᎏfor any family of pairwise strongly com-Ž . patible characters there exists an X, -tree, we need to analyse the behaviour of the equivalence relations induced by the characters. We begin with some basic definitions and results concerning equivalence relations on X.
Ž . Let R R X denote the set of all equivalence relations defined on X. We Ž . consider each element R of R R X as being a subset of X = X, and we Ž . Ä 4 Ž . Ž . denote R R X y X = X by R R X . If R belongs to R R X , we say that x 0 R Ž . is equivalent to y with respect to R, denoted by x ; y, if and only if x, y is contained in R. We denote the equivalence class of x in X with respect w x Äw x 4 to R by x and we let XrR denote the set x N x g R of all R R Ž . equivalence classes with respect to R. An equivalence relation R g R R X Ž . is called a split of X if ࠻ XrR s 2. We define two relations P and Q Ž . contained in R R X to be strongly compatible if and only if P is equal to Q or there exists an equivalence class C g XrP and an equivalence class D g XrQ such that C j D is equal to X. Correspondingly, we define a Ž . subset S S of R R X to be strongly compatible if every two equivalence relations in S S are strongly compatible. for all i, j g I, while we have 
